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Abstract

The aim of this paper is to provide an algorithm for calculating the leading
order contributions for the semiclassical series of a functional of trace-class
Hermitian operators. We base our study on the linear space structure of the
space of bounded Hermitian operators on quantum Hilbert space. We work
with a basis of operators with natural leading order Weyl symbols, performing
stationary phase calculations with no assumption on their smoothness. The
stationary points are tilted orbits near the periodic ones in phase space. We
manage to get control of the error in the technique, which scales like some
power a of 1 /N, with 1/2 < a < 1. The calculations are directly applicable to
quantum maps, and we provide some examples in finite dimension with
quantum perturbed cat maps.

PACS numbers: 03.65.Sq, 05.45.Mt

1. Introduction and description of the results

We are interested in the problem of a semiclassical description of some dynamical properties
of quantum Hermitian operators under a dynamics governed by a Hamiltonian whose classical
counterpart is chaotic.

This problem dates back to the work of Wilkinson [25] who derived a sum rule for
matrix elements of an arbitrary operator A. Here we shall be concerned with the semiclassical
limit of

N
p(E, €, N3 A) =" au,8.(E — Ey) )

n=l1

the density of states with weight given by the operator A. The meaning of the terms on the
right-hand side of (1) is as follows: E, are the eigenvalues of a Hamiltonian which specifies
the quantum evolution in a finite-dimensional Hilbert space; 8. (x) denotes a positive function
with a single maximum at x = 0 which tends to the Dirac delta distribution when ¢ — 0.
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We note that a comprehensive semiclassical understanding of (1) is just a first step
towards the goals set by Wilkinson [25], which gave some information on the off-diagonal
matrix elements, that is, transitions between quantum states promoted by a given operator A
in terms of a classical correlation function, but only under the assumption of smoothness of
A, whose removal is precisely the focus of the present work.

A semiclassical analysis of p has been put forward by Eckhardt et al [11] with the
assumption that Ay, the Weyl symbol of A, is smooth on scales of the order of 7i. The Weyl
symbol of an operator A is the dynamical variable defined by the following integral,

M. i) = o [la = r/2 R lg /2 @07 dy @
WA 5 Qrh)

where [ denotes the number of degrees of freedom. Note the possible dependence of the
symbol on 7.

When one considers time evolved operators, even if their symbols are smooth on O (%),
semiclassically they will develop structures finer than this scale [4, 5], because classical
functions subject to chaotic evolution do so. This was illustrated for some states parametrized
by curves in a two-dimensional phase space in [5]. The question of at what time scale this
happens is another matter, and though Berry and Balazs predicted r ~ O (In%~"), the numerical
investigations of O’Connor et al well surpassed this limit [18]. It should be mentioned that in
[18], the states evolved are Gaussian wave packets.

However dangerous, relying on semiclassical evolution presently seems the only possible
way of obtaining the semiclassical limit of Berry’s phase in chaotic systems [22], since
there appear traces of products of ¢-time-lagged operators for arbitrary ¢. In fact, this is yet
another example of the non-commutation of the limits # — 0 and t+ — oo, ubiquitous in the
semiclassics of chaotic systems. Another application of semiclassical long time evolution is
to the capture of semiclassically single eigenstates [19]. This would be hopeless if one could
show that the norm of the difference between the semiclassical and quantum propagators is of
order unity after a sufficiently long time, though this does not preclude the appearance of scars,
which would then necessarily be due to a family of eigenstates particularly concentrated on the
trace of a subset of periodic orbits (using classical equipartition as well). We remark that this
statement, if proved, would give more precise information about the relationship of the classical
(periodic orbits) and quantum spectra, but we shall not deal with this difficult problem. Egorov-
like theorems indicate that semiclassical evolution can be reliable, but some weak forms of
this result might well be misleading, as Bouzouina and de Bievre remarked (in [8], see
proposition 4.1 and paragraph after theorem 4.2).

The present work departs from an elementary tool: the vector space structure of the space
of Hermitian operators, of dimension N2. The idea upon which this paper is based is to
decompose an arbitrary A into a basis of operators whose principal symbols are natural and
easily computable. We define the semiclassical asymptotic series of p(-; A) to be that of its
decomposition on this basis. While it would be desirable that the semiclassical analysis of an
operator does not depend on the choice of basis, we do not prove this. There is an analogous
account of this decomposition in [21], section 4.2.

We mention the recent work of Campos et al [9] which uses the Lie algebraic structure
of quantum and classical mechanics, besides formal power series, to develop a (non-periodic
orbit) classicalization procedure for quantum operators.

Let us give an overview of our results. To evaluate (1) semiclassically, the first
problem is to get a procedure to evaluate Tr(AU") semiclassically, where U" is the nth
composition of the propagator. We decompose an arbitrary operator in a basis constructed
from translation operators in phase space. The basis operators have phases which depend
linearly on coordinates. After decomposition, the semiclassical trace is performed using the
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simple stationary phase technique, but here it is not the periodic orbits themselves that are the
stationary points, because the phase of each component of the operator A is taken into account
on evaluating the integrals similar to (2). The stationary phases are given by the action of
stationary orbits, which are in one-to-one correspondence with the periodic ones and close to
them in phase space. These orbits are here named tilted orbits. Their contributions have been
mentioned in [7], and we make extensive computations using them. Thus we push to the last
step in the calculations the use of the stationary method and this is the main difference of the
present work with standard periodic orbit theory [11].

The final step is to sum the semiclassical traces of the N components of the operator A.
This could entail a large error, as each component has an error of order 1/N. We are able to
restrict this error in a probabilistically large set of Hermitian operators. Here an interesting
ingredient comes into play: the control of the Fourier coefficients of a distribution of extremal
phases, which is a classical function. The estimate is a consequence of the continuity of
this distribution. To our knowledge, this kind of analysis has not appeared in the literature
of quantum chaos as yet. From this estimate, we can state that the difference between the
exact quantum spectral weighted density of states (1) and the just described semiclassical
approximation decreases like O(1/N¢), for some 1/2 < a < 1. The results are summarized
in proposition 1 and equation (18).

An alternative path to the one we followed is worth mentioning: the semiclassical traces
over phase space could be performed using semiclassical symbols of the operators using
the Wigner function adapted to toral phase space, given by finite sums as explained by
Agam and Brenner [1]. The necessary account of the fine structure of the operator involved
would be obtained from its Fourier analysis: this step would correspond to the preliminary
decomposition of the operator on a basis we derived in section 2.

As applications of the following analysis, we will compare some numerical computations
of the weighted density of states quantally and semiclassically: when A is a random matrix and
when it is a projection onto an eigenstate. Though the applications are for finite dimension,
we found it worth working in a more general setting and consider infinite-dimensional Hilbert
space, which we assume separable. In this case, A is assumed trace-class.

In the following section, we give details of the basis decomposition, and outline an
extension of the results to infinite-dimensional separable Hilbert space. Section 3 is a
preparation of a quantum propagator for the semiclassical analysis, in the spirit of Boasman
and Keating’s work [6]. The core of the argument is in section 4, a semiclassical algorithm
for the operator weighted density of states (1) is developed and, more importantly, its error
is estimated. In section 5 we illustrate the results numerically, including the behaviour of the
error of the semiclassical approximation with respect to dimension N.

2. Basis decomposition

We begin with finite-dimensional Hilbert spaces with the 2-torus classical phase space. Let
us recall the quantum kinematics set-up on the 2-torus with periodic boundary conditions
[2, 12]. More general (quasi-periodic) boundary conditions can be considered [16]. There is
a pair of canonical conjugate variables in classical phase space, p and ¢, called momentum
and position respectively. Define the canonically conjugate operators: p and g, as generators
of translation operators acting on each other’s eigenstates, for instance,

e /M n) = |n+1)

where |n) denotes an eigenstate of §g. From a unitary boundary condition, which we took
simply as periodic |N) = |0), one gets the quantization condition 2 = 1/N [8]. Furthermore
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to change from the eigenstates of p to those of g, say |k) and |n), we have a discrete Fourier
transform matrix

_ L —2mik .
(k|n) N e :FN. 3)
We fix the coordinate representation to write all matrices, but the results do not depend
on this choice. For ease of notation, the indices run through O to N — 1. Givenan N x N
Hermitian matrix, we decompose it into the main diagonal, a real N-dimensional vector, and
other (N — 1)N-dimensional vectors, each formed by the concatenation of the jth upper
diagonal with the (N — j)th lower diagonal. We agree to denote these as dy and d; diagonal
matrices respectively.
The set of periodic vectors j =0,..., N — 1, N = |_NT’1-|,

cos% if 0<Kpu<N
vu(j) = o _
sinzn(“TfN)/ if N<u<N

is a basis of real vectors and therefore the diagonal operators can be expressed uniquely in terms
of diagonal matrices A whose entries are proportional to v, (j). We denote these matrices
by Dy(v,), meaning they are Oth diagonal operators with vector v,, along the diagonal, and
sometimes refer to them as A,,. They have as semiclassical correspondents, or Weyl symbols,
AZV: cos 27tkq for k < N or sin27kq if k > N. Here and in what follows we adopt the Weyl
symbols of the covering space, though there is a procedure due to Rivas and Ozorio de Almeida
[21] adapted to the torus (for operators that do not involve products, it is rather clear that both
calculations give the same answer, provided that, when deriving the symbol on the torus, one
extends it from a discretized phase space smoothly to the whole classical torus).

Given a diagonal operator of the type above, the Fourier transformed operator B, =
.7-"1;1 A, Fy has one of the forms

(D, (1) + Di(D)) if n<N
or
l(D g() = D' __(1)) if n>N.
2 N n—N
(The notation D, (wy) means a d, diagonal matrix with the vector wy,k = 0,...,N — 1

disposed orderly along its entries. Note that D;(1) is the elementary matrix which shifts the
lines upwards once.) Since Fourier transformation exchanges coordinate and momentum
representations, the operators above have semiclassical correspondents, Weyl symbols,
BY: cos2np and sin 2 np, respectively.

In general, A,, and B, do not commute. However, if N divides mn, [A,,, B,] = 0. If Nis
a prime number we can construct the (N — 1)?> commutators

Cmn = W[Ama B,]. (4)

where u = mifm < N, =m—Nifm > N and similarly for v in terms of n. For example,
if n < N < m, they have the form

Com = —% [D,, (cos (Q”T“(k + v/2)>> — D} (cos (Q”T“(k + v/2)>>] .
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The other cases are given in the appendices. The Weyl symbol of the above commutators is
the series (see, for instance, theorem 3.4.2 of [24]),

2

1 h ((8_415;, — é_pgq)

2

13 @8 )+ }

Smn mn

f(g)2sin < ) g(p) = " [f’(q)g’(p) -
where f(q) = AY(q), g(p) = B) (p) and s,,, = sin (wmn/N). The leading order term is
the principal symbol. We only mention this series, but in our semiclassical analysis, we work
directly with the operators A,, B, and C,,,,, which together with the identity N x N matrix
are here called periodic operators.

If N is not prime, we define

:Am B, if N divides mn
Cmn -

1 .
sinGrnmywy LAms Bal otherwise.

This completes a basis for the N2 Hermitian matrices. Let us gather what we have constructed
in the lemma:

Lemma 1. The set of periodic operators
BN = {IﬂAkaBkaCkma 1 g kvm < N}

is a basis of N x N Hermitian matrices with coefficients in the real field.

We will study the limit of the operator weighted density of states when N — oo. For
maps, this corresponds to the semiclassical limit. We fix an infinite-dimensional separable
Hilbert space H and let Q : 'H — H be a trace-class operator. Though the argument is
independent of the choice of basis, this is fixed so that the matrix elements g;; do not change
with N. We consider the projections Q") = Py Q Py, where Py is a family of projections
satisfying Py Pys = Py, for N > N.

As N varies, the operator Q™) varies as well, but we have limy_o, Q™) = Q in the
operator norm topology if Q is compact, and in particular if it is trace-class. QY may be
viewed as an infinite matrix with entries qj(.iv), with q;g) = 0 for j or k > N. By the same
token, we view the periodic operators as infinite matrices completed with zeros. We get a
bound on the coefficients of the expansion of Q™ in the periodic operators basis:

Lemma 2. If Q is trace-class Hermitian and Q™) = Py Q Py, then the coefficients in the
expansion

N—1 N-1
O™ = ol + Z ajA; +b;B; + cijCij )
i=1 Jj=1
are real and have upper bounds
<X pi<Xk <— KX
|ai|\ﬁ | il\ﬁ |Cij|\sin(%)ﬁ

where K does not depend on N.

Proof. First ap = (Tr Q™)/N. Since Q is trace-class Tr Q™ = Y g, < 3°° |qui| <

co. Note that @ & > 1qiil is also an upper bound for ), |Q;;| where O = Fy Q]-']QI.
The trace defines an inner product on Hermitian operators. Subject to this inner product By
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is orthogonal. Now |ai%| = |Tr(QA;)| < «, since A; is diagonal and its elements have
absolute value less than 1:

N 1 3
bi | =|Tr(QFy AiFy)| = Tr(Q4)] < e

For C;; we have
1

7z [Tr([Q, B]A)|
N
and this is less than the sum of absolute values of diagonal elements in [Q, B]. But by the
triangle inequality, the sum of absolute values of diagonal elements of [Q, B] is bounded

by 2«. ]

1
Cij~| = ——ITr(QAB) — Tr(QBA)| = ——
2 sin sin =&

Remark 1. For small i, j, the bound on ¢;; can be improved to O (1/ V/N) using the Cauchy—
Schwarz inequality, but this bound suits our needs, since the factor sin % is cancelled after
we perform the stationary phase integrals.

We point out some extensions of this discussion. The case of kicked maps [5] is already
contained in the above. First, for a finite-dimensional Hilbert space not necessarily obtained
from an /-torus, the quantization condition need not have the form 7 = 1/N. However, using
some translation group structure within phase space, one observes that finite dimensionality
of Hilbert space implies compactness of phase space (this is more stringent than compactness
of an energy surface). In each model, the idea is to use some sort of periodicity of a shift or
translation operator having a classical counterpart.

Now the extension to the infinite-dimensional case, at least when phase space is R% can
be accomplished using Heisenberg-like translation operators,

Te=mN0i=l g =(q.p)

whose combinations like %(T(L’O) + T(n,())) give rise to the periodic operators Dy(V,) defined
above. These operators form a basis of N2> Hermitian matrices. We work only in separable
Hilbert spaces. In this case, we further assume, as required by lemma 2, that the operator A is
trace-class: ), [(¢| A |¢n)| < oo for any orthonormal basis {|¢,)}. This hypothesis assures
that the manipulations in the beginning of the next section make sense mathematically. Thus
A is in particular compact, and we can find N sufficiently large such that its projection A in
the basis of periodic operators By satisfies |A—AM|| < §, where || - | is the operator norm.
Note that § does not depend on 7, but it may depend on N.

3. Quantum propagators

In this section, we write the /th power of the propagator in a form suitable for later application of
the saddle point method. The expression is exact, and we make no approximations. We chose to
work with hyperbolic cat maps without time-reversal symmetry. However, the semiclassical
analysis can be applied to any quantum map which can be written in the form given in
equation (10), for which it suffices to have a smooth generating function (twice differentiable
classical generating function).

We begin by recalling somewhat briefly the stationary phase techniques for traces on the
torus derived by Keating [15] and applied in a non-quadratic phase by Boasman and Keating
[6]. The technique permits us to write an exact expression for the propagator in terms of
infinite sums of integrals over the torus which will be later arranged in a finite sum of integrals
over R, thereby excluding edge effects when the stationary phase method is finally applied.
A semiclassical trace formula for the density of states for quantum maps was first studied by
Tabor [23].
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The /th power of the propagator appears in the operator weighted density of states:

pO.€,N: A) =" aude(0 — 6,)

_ Zann Z il 0—0,)—ell]
n leZ
= Z =l Tr(AUY). (6)

leZ

In the second equality we used Lorentzians for the smeared Dirac deltas, and U’ denotes the
Ith power of the propagator. The strategy now is to express the finite sums into a sum of
integrals over R""), using the Poisson summation formula.

Only in the following section shall we devise a semiclassical method for evaluating the
traces in equation (6).

The unit step propagator U(q’, ¢) is the composition of a shear in momentum followed
by the propagator of the cat map and then composed with a shear in position [10]:

Ug',q) = F'Us,FU.Us,.

The shear in position is diagonal in momentum representation; let G(p) denote its time-one
Hamiltonian function (cf equation (3.8) in [3]). On the other hand, the shear in momentum
is diagonal in the position representation and we denote by — F'(¢) its time-one Hamiltonian
function. All variables are discrete, ranging in 0, 1/N, ..., (N — 1)/N. U(q’, q) is an N>
matrix, and we view ¢’, ¢ as its indices. We will have the opportunity to use the Poisson
summation formula

s —1) =) e )
tel keZ
The propagator is given by the product
U=UU,
with
U, = Ff e—ZJTiNG(p)(SP o
1 2 : 1 2 / 72
U, = N exp | 2wiN E(mq —2qq" +tng )+ F(g)||.

Here U, is the propagator considered by Basilio de Matos and Ozorio de Almeida in [3].
The coefficients #;; and #,; come from the 2 x 2 cat map matrix, integer and unimodular:

g= [i” ?2]’ which we take hyperbolic: t11 + o > 2.
21 22
Now
(N-1)/N
Uilg'q) = — Y expl2niN(g'p — G(p) — qp)]
k) N pzo
1
= / dp Y 8(Np — k) exp[2wiN(q'p — G(p) — qp)]
0 keZ
1
= / dp Y " expl2wiN(p(q' — q — k) — G(p))]
0 keZ

the second equality is true because G(p + 1) = G(p) and we used (7) in the last step.
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Repeating the same steps as in the derivation of U;, we get

(N—=1)/N
Ul .q)= Y. Uiq .nl(r.q)
r=0
. 1 1
= N2 e“”“/ dp/ dr Z exp[27iN(S(q, 7, p.q") — kp — mr)]
0 O kmez
where
S(x1, x2, X3, x3) = x3(x4 — x2) — G(x3) + 3 (t11x] — 2x132 + 12%3) + F (x1) 3

S(x1, x2, x3, x4) is the action of a unit step classical orbit. We define

X; = (X1, ..., X3141) [>1

i
9
Si(x1) =Y S(x3i-2. X3i-1. X3, X3ix1) 121
i=1

and S;(x ) is also given by (8). This way the total action along the orbit is written as the sum
of actions of steps in which x3;_, is the initial position, x3;_; the position before the shear in
position, x3; the final momentum, and x3;,; the final position after the ith step.

Then S;(x;) denote the action for a classical orbit o of time length /. The vector x; is such
that its component x3;_; is the jth position of the orbit 0, x3; is its jth momentum and x3;_;
are intermediate positions, before the jth shear in position, but x3;_; will not be relevant for
the main discussion.

Finally U’ can be written compactly as

Utq,q) = N¥/*teiln/d f dx; exp [27iN (S;(x;)) —k-%)]  (10)
kezo-1 Y P

where X; = (xa,...,x3), 1 = [0, 1] and I*~' denotes the (3] — 1)-dimensional cube, and
q" = x341 and g = x;.

We have thus shown that U’ involves integration on the unit cube in R¥~!. The extra 2/
integrations (compared with [6]) come exactly from the shear in position which introduces
at each time step a pair of Fourier transforms. The shear in position breaks time-reversal
symmetry.

Grouping the quadratic terms of the action we get the following expression for it,

1 1
Six1) = X1+ Q) + Z]“[F(xa,q) — G(x3)]
i=
where Q; is a square matrix and the other nonlinear terms are sufficiently small so that
Anosov’s theorem applies. We recall that F' is the perturbation associated with the shear in
momentum while G is the perturbation coming from the shear in position. Both are periodic
functions.
The reasoning below requires that the action S; be twice differentiable and have isolated
stationary points, but it need not be the generating function of a perturbed cat map.

4. Semiclassical analysis

The method we now explain for the semiclassical approximation of (1) is for large, but
finite, dimension N. We fix an operator A acting on a Hilbert space, which can be infinite
dimensional, in which case A is assumed trace-class. Under some mild conditions, we get a



A trace formula for the semiclassical limit of some Hermitian operators 9033

sequence of approximations of p(, €, N; A), with error decreasing as some power of 1/N.
These approximations are based on three ingredients: the decomposition of the operator A on
By, a stationary phase method which takes into account the operator phases and a control of
the Fourier coefficients of the distribution of extremal actions of the dynamics.

We divide this section into two parts: in the first we show how to incorporate in the phase
of the propagator the contribution of each separate component of the N x N matrix A and
finally we use the stationary phase method in a conveniently defined subset of operators to
obtain the leading order term in the asymptotic semiclassical series for p (0, €, N; A). The
dependence on N is to be understood as coming from different projections of the same fixed
operator A (with some abuse in notation) acting on an infinite-dimensional separable Hilbert
space H, as discussed before lemma 2.

4.1. Accounts of the operator’s phases

When evaluating the trace Tr(AU"), we first decompose A into the basis By:

N—1 N—1
Tr(AU") = ag Tr(U") + Y | @ Tr(U' A)) +b; Tr(U' By + Y ci; Tre(U'Ciy)

i=1 j=1
The phase of each periodic operator is linear in x;.

Altogether we have four types of terms to consider: Tr(A,,U"), Tr(B,U"), Tr(A,, B,U")
and Tr(B,A,,U ! ), where A,, is diagonal in position and B, is diagonal in momentum (the
identity term is included in the discussion of the first type).

Since we are to consider the phase of each operator, we have in fact a pair of stationary
phase calculations for Tr(A,,U') and Tr(B,U') and four stationary phase calculations for
Tr(A,, B,U") and Tr(B, A,,U"). For instance, Tr(A,,U") gives rise to terms of the form

N3/ il /4 /d 27iN (S(x) — K-y & =
eI 3 [ dyexp 2N ((Six) — ey

keZ3! 1

where y = (xi, ..., x3), and x3;+; = x; in x;. In the terms containing B, the extra Fourier
transforms force the introduction of other two integrals. For instance, Tr(A,, B,U D) gives rise
to the four terms

N2+ g=iml /4 Z /
I

keZ3+2

3142

dy exp [27TiN <Sz (X1) + X342 (X1 — X3141)

m n
— k-y:l: le + NX31+2

wherey = (x1, ..., X3, X31+1, X3142). The other two cases containing B, give rise to integrals
similar to this.

We note that the phases of A,, and B,, modify the total phase by adding to it a linear term
in the initial position and final momentum respectively. Indeed, we have

Lemma 3. For each periodic operator P, Tr PU! is given by

NYO i/ N / dy exp [27iN ®; (K, y)]
1\/

kezo I

where the total phase ®; is

| I
D;(k,y) = Y Oy—k-y+ Z(F(X3i—2) — G(x37)) +Pa(y) + dp(y)

i=1
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and v(l) = 31 if P is diagonal in position, and v(l) = 31 + 2 otherwise. Moreover ¢4 p are
linear functionals with rational coefficients: j/N, and Q; is a v(I) x v(l) matrix with integer
coefficients.

Now the periodicity of the non-quadratic terms implies, for any M € Z"®,
m
Ok, y+M) = N+(Q/M)-Y+d>z(k, y) (mod 1) Y
for some m € 7 that depends on M. Therefore the function ¢ = e?*IN®&Y) g periodic in
RY®_ The infinite sum on Z"? of the integral over cubes """’ can be decomposed into a finite

sum over a parallelopiped [J—defined as the fundamental period of yy—of integrals over R
(exactly as in Boasman and Keating [6]).

Lemma 4. For each periodic operator P, Tr PU! is given by

v(l)

NV iy f dyexp2miN (S;(y) —k-y +a) + o] (12)
ked VR

where S, y) = %y <Oy + Zﬁ:] (F (x3;—2) — G(x3;)) contains the phase nonlinear terms.

So far, we have not made any approximation to perform the trace. Now we are ready to
use the stationary phase method.

Remark 2. It is clear that Tr(A,, B,U') and Tr(B,A,,U') need not be equal. However, their
real stationary points are related so that their corresponding phases differ by 377 (modulo
some other 7 /2 phases) cancelling out the sine that we divided [A,,, B,] to define C,,,. This
calculation is in appendix B.

From the numerical point of view, the phases ¢4 p can be considered as perturbations of
the action of the cat map, therefore we can safely use the unperturbed orbits as initial guesses in
Newton’s method to determine the stationary tilted orbit for each term in the outer sum of (12).
Note also that, since ¢4 = £%x1, an orbit repetition will not give rise to a stationary tilted
orbit equal to the repetition of the corresponding shorter stationary tilted orbit. This makes the
calculations even longer; yet another difference of formula (12) and standard periodic orbit
sums. It is obvious, but worth stressing, that the stationary phases are close, but are not equal
to the periodic orbit actions (plus some Maslov index).

The steps made up to now obtained N? integrals, each coming from a different component
of the operator A, whose phases will influence the coordinates of the stationary phase points.
Thus we shall not write a formula for the sum over stationary phase points, which only in the
identity component are the periodic orbits.

4.2. Conclusion of the algorithm and error estimate

Note that the number of points with integer coordinates in the parallelopiped [ is given by
det Q; (see lemma 3), which can be shown to be the number of fixed points of g’ , where g
is the unperturbed hyperbolic map [6, 15]. Hence the real stationary points Vy®; = 0 are in
one-to-one correspondence with those of the unperturbed case. In particular, the number of
stationary points of the phase does not change if we add linear terms, independent of their size.
This last remark is important since the phases of the periodic operators are, by construction,
linear functionals of y.

We use the stationary phase method for the integrals in lemma 4 as in [17], and take only
the leading order term. To derive an estimate for the error in using the decomposition (5)
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keeping, for each periodic operator, only the leading order term in the asymptotic series in -,
we resort to a probabilistic approach. From remark 1, we know that each coefficient in the
expansion for the frace of a Hermitian matrix is a real number in an interval whose length
does not exceed LN, for some constant k. Now an N x N Hermitian matrix is determined by

such N2 coefficients.
We use the Chebyshev inequality [13],

Lemma 5. [If X,,..., Xy2 are independent random variables uniformly distributed in
1
[—ﬁ, «/_ﬁ]’ then

2
P Xilz21) < ———.
(%11 < ;=

Let Y («) denote the set of Hermitian operators A in a separable Hilbert space such that
Y leille:)| < . Leta;, bj, ¢;; be the coefficients of the projection OY) of some A € Y ()
according to equation (5). In Y (), for each N, we have a product probability measure, which

. . . 2— . .
we denote by P, with support contained in ]—LN:O 1[—oz,', o;], with og = %, o = 27“,1 =
1,....,2N — 1l and o; = < for i > 2N, for some constant C, as given in lemma 2 and

JN
remark 1.

Every trace-class operator is compact, therefore IA — AM| — 0. Moreover, since A is
also Hermitian, the spectral radius equals the operator norm. The spectrum of A — A is
summable therefore

A —AMN| < < for some & > 0
N1+
for every A € Y (a). Thus, for sufficiently large N > No, A — A || < L. Since we obtain
only the leading order term for A™"), the requirement that N is sufficiently large gives an upper
bound on the interference between the difference between different projections A — AM)
and the semiclassical approximation.
Let

f/(a)z A € Y(a) and a0+Z ai+bi+ZCij <«
i J

Applying Chebyshev’s inequality, we note that Io/(oz) is a subset of Y («) probability measure
1 — C(«)/~/Ny, where C depends only on « and Ny may depend on A.

We assume that there is a single real stationary phase point V®; = 0 for each k € .
This implies the condition that each periodic orbit is isolated in phase space, and the so-called
hyperbolic systems—among which are the hyperbolic cat maps—fulfil this condition. Observe
that sometimes the term chaotic refers to systems where this assumption does not hold.

Proposition 1. If A € IO/(ot) and AN is its projection on the basis By, then for large
enough N

>

ITr (AN U — Try (AN U < —

=

for some constant K, and where

Tr,(AMU) = ) a, Tr (PU) a, =Tr(PA™)
PGBN
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i.e., it denotes the linear combination of the stationary phase method applied to the traces of
the periodic operators composed with U!. Tr,.(PU') denotes the leading order term in the
semiclassical asymptotic series on powers of 1/N of the integral in equation (12).

Proof. We just have to note that the difference Tr(ANU") — Tr,.(A™MU') is a sum of the

form
Z apRp
p

where R, is O(1/N) according to the stationary phase method. Using Holder’s inequality,

since A € Y(a), } >, ayR,| < amax, |R,| < £, O

To truncate the sum over periods, we will need a property of the distribution of the actions
of periodic orbits. For each k € [, the leading order term is approximately

oMl /2 Q27iN®(k,ye)

where h,, denotes the metric entropy and ®;(k, y) the stationary phase.
We first estimate a related sum. Let us write

Dk, y) = Vi(k,y) +o(y)

where ¢ contains the phase coming from a periodic operator. We know that \W; contains the
action coming from an orbit of length / and, when ¢ = 0, the stationary phase points y; are
the periodic orbits of period I. \V; is the sum of the generating function S of the map lifted to
R?, cf equation (9). The sum

Z eZniN\II,(k,yk) (13)
kel
is asymptotically for large / given by
e 2TINS(poq)
7 / e dg dp (14)

with h denoting the topological entropy, using the equipartition of orbits [20]. For large N,
this scales like 1/N.

It is not immediately clear if a similar scaling should be valid when ¢ # 0. Partition the
interval [0, 1) into intervals Iy = [0, ¢1), Ix = [k, Pr+1), Where ¢ = % If ¢ € I;, we put

ru(p, D) =#{k e O[{W(k, yo)} € I}
where {-} denotes the fractional part, and
ru(p, 1)
ehl /1 ’
We note that 7, (¢) is positive, bounded and defined as a sup-limit of simple functions. Since

the intervals on which ry (¢, 1)l e " is constant depend only on M, ry;(¢) is simple too. The
sequence of functions ry; (¢) satisfies for every M:

ry (¢, M) = lim sup (15)
l—o00

M

1
Y =1 & [ 0=t (16)
i=1 0

Here rj(¢) counts the proportion of phases falling on an interval of length 1/M. These
phases are, by transversality of V; (K, y), for different k, different for each orbit. We put

r(@) = liminf M ry (@)
M—o00
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which, by Fatou’s lemma, is in L' ([0, 1]). r is a probability measure. From property (16)
it follows that r(¢) is almost everywhere bounded. Indeed, if ¢ € E C [0, 1) is such that
r(p) — oo, then m(E) = 0. Otherwise for M sufficiently large, there are I, ..., Iy covering
E, with I; N E # @ such that

) M
> 2= ) i) > 2.
i=0

ru(@) > MmE) = &

Now note that

E (2 NV, (k )) = —hl E r ((p ) (2 N(p ) +C N
CoS(2m . i) COS(2TT i
1 Yk / - M 1 IM

where the last term is the error coming from approximating cos(2w N, (k, y)) by cos 27 N¢;.
We take M sufficiently larger than N, namely M /N = o(1). Approximating the first sum by

an integral (this trapezoidal rule produces an error of the order of 1/M, hence negligible), the
scaling equation (14) yields

hi

1
F(N) = / r(@) @V dg = O(1/N)
0

which, by Wiener’s theorem, implies that r is a continuous measure (with no discrete part).
Define py(p,l) = #{k e J[{®;(k,yx)} € I;} and p(¢) analogously. The stationary
phase points y; for ®;(k,y) are linked to those of W;(k,y) by the convergence of
Newton’s method, when one furns on the linear term ¢ (y). Thus y; remain approximately
equidistributed, and thus ¢(y) mod 1 is approximately equidistributed as well. Therefore
p(@), being the density of phases ®;, remains continuous. However, this gives us the bound
p(n) = o(1/n'/?). What is essential again is the transversality of the various ®;(k, y), and
this is enough to imply that p(¢) is bounded almost everywhere and a continuous measure.
The above sum may be written as an integral over [0, 1),

el
i e27r1N<p dﬂl
L Jo

where

= 43 Y80 — g0 dg
kel
and ¢ = W;(k, y;) are the stationary phases modulo 1. If p is a weak-star limit of y;, the
scaling (14) is translated to t(N) = O(1/N), which by Wiener’s theorem implies that p is a
continuous measure. A side remark is that for each period /, the stationary phases are different
for different k, by transversality. Since u; tends to continuous measures, one has a stronger

property that for any ¢,
p+e
lim du =0
€l0 o—e #
which implies that the count of phases near an arbitrary point,
#HkeO:p—€e <@ <@+el=o0("/1) (17)

for € small enough.

The stationary phase points y; for ®;(k,y) are linked to those of W¥;(k,y) by the
convergence of Newton’s method, when one furns on the linear term ¢ (y). Thus the set
{yr, k € [0} remain approximately equidistributed, and thus ¢(y) mod 1 is approximately
equidistributed as well. Hence, defining v as the density of stationary phases coming from ®;,
(17) remains valid, and using Wiener’s theorem the other way around, D(N) = o(1/N 172y,
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Proposition 2. v is a probability measure with no discrete component.

Note that dv is a classical function: it is the probability density of the extremal actions
(modulo 1).

Remark 3. If one could prove, for instance, that u is absolutely continuous, then v could be
expected to inherit the same property.

Summing up, we have to leading order in N
G eth=h./2)l

e—hul/2 Z cos Qr NP;(k)) = IN¢

ke
Recall that Tr,, is defined in proposition 1. We can now state our result

a>1/2

Theorem 1. For N large enough, consider the operator weighted density of states

p(0.e, N1 A)=> "= Tr(aMy’)
leZ

for trace-class operators A in a set IO/(a) of probability 1 — C //N. Then for e > h — h./2,
the semiclassical operator weighted density of states

L
psc(. €. N: A) = ) eI Tr (AN (18)
I=—L
satisfies the error estimate
N N K
AWN) E sup|p(@. €, N: &) = puc(@. €, N: A) < 2 (19)
0
with a € (1/2, 1], for some constant K.

Proof. The neglected terms of order 1/N from the stationary phase applied to the traces
Tr,.(A™N U, up to period L, have their contribution to A(N) bounded by

Cl 1— e(h—hM/Z—e)L
_ -1 (h—h, /2—€)
d=— <1 20

using thate > h —h,, /2.
For the late terms, the discussion before the statement gave the bound, for each periodic
operator,
e(h—h./2—€)(L+1)

(L + )N«

with @ > 1/2. The sum over the basis follows the same argument as in the proof of
proposition 1. U

dy =2C,

From formula (18) and proposition 1, we see that the operator intervenes in the classical
spectrum contributing to the semiclassical approximation of the (smeared) weighted density
of states. Indeed the Fourier transform of (18), with respect to 7, would not show peaks on
the actions of short periodic orbits.

The numerical examples shown in the next section will leave some directions for further
research. Since the Fourier analysis is over phase space, a question that arises is about families
of operators localized in momentum and position, so defined by their components in the basis
By. Another interesting question would then try to probe contributions of chosen periodic
orbits without so much smearing of the eigenvalues by adjusting the support of the operators.
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Figure 1. Comparison between quantum (solid line), semiclassical calculation given in (18) (dash-
dotted curve) and semiclassical periodic orbit calculation as in [11] (dotted curve) for a diagonal
operator with random entries, N = 107 and 5> = 0.25. Orbits of period up to 3 were used.

5. Numerical illustrations

We give three kinds of examples comparing the quantum and semiclassical weighted density
of states (1) and (18). A final example is shown comparing the predictions of the error of this
semiclassical technique A(N), equation (19), with respect to N.

We work with the quantized cat map prescribed the choices:

T2 3
§=11 2

F(g) = 4K—q2x(sin(27rq) —0.5c08(4mq)) Kk, =0.08
T

G(p) = % (cos(2rp) — 0.5 sin(4mp)) k, = 0.03.
TT

We considered A a diagonal matrix with random entries first, for a comparison with the
periodic orbit series in [11]. It is verified that this semiclassical theory for (1) does not work,
since one cannot expect the symbol of A to be smooth on small scales in phase space. We
used as its symbol its Fourier decomposition, as explained in section 2. This prevented a
totally independent comparison, but, to our knowledge, the symbol of a random matrix has
no alternative definition than that outlined in section 2. We see in figure 1 a good agreement
between (1) and (18).

The second example uses a full Hermitian random matrix: C = (V + V') +i(W — W'),
where V' is the transpose of V; W and V are random matrices with real entries uniformly
distributed in (0, 1). Results displayed in figure 2 show a good agreement.

In the third example, we take a family of projections on some eigenstates of the propagator,
see figure 3. The levels are sorted with increasing eigenvalue 6, ranging from —mx to . A
remarkable symmetry between the various semiclassical graphs was observed here, probably
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Figure 2. Comparison between quantum (solid line) and semiclassical calculation (18) given for
a random Hermitian matrix; N = 73 and 5 = 0.25. Orbits of period up to 3 were used.

N 0.1 ,
0.05 level #7
0.05 level #15
0
0
-0.05
v -0.05
-2 0 2 -2 2
0.1 N

0.05 level #23

-0.05

0.05 level #34

-0.05

@ o

Figure 3. Comparison between equations (1) and (18) when the operator is a projection onto one
eigenstate; the quantum curve is solid. Here N = 37 and 5 = 0.25. Orbits of period up to 3

were used.

due to the small Hilbert space dimension: N = 37. If 19 —n = j — 19, then p,(0) ~ p;(—0),
where py is the operator weighted density of states for O equals the projection onto eigenstate k.

The modest dimensions of the matrices N = 107, N = 79 or N = 37 are justified
by computer limitations (a Pentium IT was used). The same reason excuses the generous
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log A(N)

-7 | | |
3 35 4 45 5 5.5 6
log N

Figure 4. For N in the interval [33, 253] in steps of 10, the uniform difference of p and py., with

respect to 6, is evaluated numerically, showing an oscillatory decaying behaviour. The fitting line

obtains the decaying rate @ = 0.63 approximately, a as in equation (19). Here 5= = 0.25 and

T
orbits of period up to 3 were used to evaluate pg.

smearing 5~ = 0.25, about twice the lower bound given in theorem 1. For comparison of
convergence, we considered orbits up to period 4, it took about 10 hours for the example with
the random matrix, with N = 37 and 5- = 0.2, but no significant convergence to the quantum
curve was observed.

To check the behaviour of the difference of this semiclassical approximation to the
quantum p, we produced figure 4. We used a random operator A, a banded matrix of
dimension 273, with off-diagonal elements ¢;; different from zero only for |i — j| < 25.
We further required that [|A — A®|| < 1/k for each N; = 33+ 10j,j = 0,...,24 and
to achieve this, we modulated the random entries in each diagonal by the decaying function
1/k~"2. Furthermore if [ = |i — j| is the distance from the diagonal, the random elements
had the amplitude diminished by a factor /=2, We made enough tests, with different choices
of definition of A, the exponent a appearing in equation (19) being less than 1, for small N.

Starting at such small values of N was necessary for a significant variation on log N. A
larger value of the decaying rate a is expected if longer orbits are used.
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Appendix A. Commutators

We list below all cases for the commutators C,,,, = W[Am, B,],

L[D,(sin (ZHT"(k +1/2))) — Dj(sin (Z”T”(k +1v/2)))] it m,n<N
oo —1[Dy(cos (Z”T"(k +1/2))) — Dj(cos (Z”T”(k +1/2)))] it n<N<m
" =[P (sin (B (k +v/2))) + Dj (sin (ZE (k +v/2)))] if m<N<n
[D,(cos (B (k +v/2))) + D} (cos (&L (k +1/2)))] if N<mn

if m <N . .
" PSS and analogously for v in terms of n, and assuming

where N = [NTA—LH: {mfzv ifm>N

N does not divide pv.

Appendix B. On the stationary phase of C,,,, operators

It will be noted that it is sufficient to analyse the case tr C,,,U. B, contains two terms of

the form
(N=1)/N

_ 2miN((y—x)pE§)p
B,(x,y) = N ZO e N
p:

hence the phase takes the form (for k = 0)

® ( ) n m
AB = X5(X] — X4) — —X5+ —X4
N N

1
+ [X3(X4 —x) — G(x3) + 5(1‘]1)6]2 —2X1X0 + tzzxg) + F()C])i|

whereas
® ( ) n m
= x5(X] — X4) — —Xs5 + —X| + same.
BA 5001 = Xg) = s + o
The following systems are obtained from the stationary phase condition:
Vs =0 Vo, =0
m
Xs+ix —x2+ f(x1) =0 Xs +t11x1—x2+f(x1):—ﬁ
—Xx3— X1 +tox, =0 — X3 — X1 +1nx =0
x4 —gx3) =0 x4 —gx3) =0
m
—Xs5+X3=—— —x5+x3=0
5+X3 N 5+X3
n n
X1 — X4 = — X — X4 = —
N N

and eliminating xs we obtain two equivalent systems. The only difference is x5(BA) =
xs(AB) + %;. Hence the stationary phases for this pair of terms (there are four pairs of terms
altogether) satisfy @34 = Pap — 37-
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